A tiling of a finite abelian group G is a pair (V, A) of subsets of G such that 0 is in both V and A and every g ∈ G can be uniquely written as g = v + a with v ∈ V and a ∈ A. Tilings are a special case of normed factorizations, a type of factorization by subsets that was introduced by Hajós [Casopsis Pȇst Path. Rys., 74, (1949), pp. 157-162]. A tiling is said to be full rank if both V and A generate G. Cohen, Litsyn, Vardy, and Zémor [SIAM J. Discrete Math., 9 (1996), pp. 393-412] proved that any tiling of Z n 2 can be decomposed into full rank and trivial tilings. We generalize this decomposition from Z n 2 to all finite abelian groups. We also show how to generate larger full rank tilings from smaller ones, and give two sufficient conditions for a group to admit a full rank tiling, showing that many groups do admit them. In particular, we prove that if p ≥ 5 is a prime and n ≥ 4, then Z n p admits a full rank tiling. This bound on n is tight for 5 ≤ p ≤ 11, and is conjectured to be tight for all primes p.
Introduction. Throughout this paper G is a finite abelian group. A factorization of G is a collection
. . , A k ) of subsets such that every g ∈ G can be uniquely represented as a 1 + · · · + a k , where a i ∈ A i . A factorization is normed if every subset in the factorization contains 0. A tiling is a special case of a normed factorization in which there are only two subsets (usually denoted V and A rather than A 1 and A 2 ). Any subset V for which there exists a subset A such that (V, A) is a tiling of G is called a tile of G. Cohen, Litsyn, Vardy, and Zémor first introduced this definition of a tiling in 1996 for the special case of tilings of Z n 2 in [2] , but it extends perfectly well to arbitrary finite abelian groups. Before then, there was no separate term for a normed factorization into two subsets, despite the fact that they had been studied by Hajós [7] , Rédei [14] , Sands [16] , and others. The term "tiling" was a natural choice since all of [2] is phrased in terms of F n 2 rather than Z n 2 and a tiling of a vector space is a natural concept. In particular, tilings of the Euclidean space R n have been studied extensively (see [15, 18] ). But since tilings do not depend on multiplicative structure, F n 2 is identical to Z n 2 with respect to tilings, and hence it suffices to look at finite abelian groups rather than vector spaces over finite fields.
The study of factorizations of finite abelian groups by subsets was introduced by Hajós in 1941 [6] as a tool to prove a conjecture on homogenous linear forms posed by Minkowski. Hajós then began to study a certain type of factorization which he called periodic (see [7] ). A subset A ⊆ G is periodic if there is some nonidentity element g ∈ G such that g + A = A and a periodic factorization is a factorization in which one of the subsets is periodic. Hajós asked for which groups G any factorization into two subsets G = A+B necessarily has either A or B periodic. This question was eventually solved by Sands [16] after major contributions from de Bruijn [3] and Rédei [14] .
A group G possesses the Rédei property if in every tiling (V, A) of G either V or A is contained in a proper subgroup of G. The question of which groups possess the Rédei property has been investigated since 1979, when Rédei [14] conjectured that Z 3 p has the Rédei property for all primes p. If G does not possess the Rédei property then there is some tiling (V, A) of G in which V = A = G, where S denotes the subgroup generated by S for any S ⊆ G. These tilings are said to be full rank [2] . Note that having the Rédei property is equivalent to not admitting a full rank tiling. Sands [17] asked whether every group has the Rédei property, which was shown not to be the case by Fraser and Gordon [5] , who used results from coding theory to construct a full rank tiling of Z 6 5 as a counterexample. Until recently the only motivation for studying full rank tilings was to find out which groups had the Rédei property. Then in 1996 Cohen, Litsyn, Vardy, and Zémor [2] found that any tiling of Z n 2 can be decomposed into full rank tilings and trivial tilings (a tiling is trivial if one of V or A is Z n 2 and the other is just the zero vector). This provided extra motivation for studying which elementary 2-groups (groups of the form Z n 2 ) admit full rank tilings (or equivalently do not have the Rédei property). Cohen, Litsyn, Vardy, and Zémor [2] showed that there do not exist full rank tilings of Z n 2 when n ≤ 7 and that there do exist full rank tilings of Z n 2 when n ≥ 112. Etzion and Vardy [4] then constructed full rank tilings for n ≥ 14 using techniques that, together with unpublished work of LeVan and Phelps, were used to construct full rank tilings when n ≥ 10. Trachtenberg and Vardy then proved that Z 8 2 does not admit a full rank tiling [24] , and the question of full rank tilings of Z n 2 was resolved whenÖstergard and Vardy [9] showed that Z 9 2 does not admit a full rank tiling. All of the work done on full rank tilings of Z n 2 was actually done in terms of F n 2 , since the authors were approaching the problem from a coding theory perspective and were apparently not aware of much of the work done on the Rédei property or the connection of full rank tilings to it.
It is interesting to note that work on full rank tilings of F n 2 and work on the Rédei property have proceeded almost independently. In the paper which started work on tilings of F n 2 , Cohen, Litsyn, Vardy, and Zémor [2] reference the work of Hajós on periodic factorizations but do not reference any of the work done on the Rédei property, and neither do any of the papers mentioned above that extend the work of [2] . The only exception to this is a paper by Szabó and Ward [21] in which they reference work done on the Rédei property to prove the existence of full rank tilings of F n 2 for n ≥ 14. We begin in section 2 by generalizing the decomposition of Cohen, Litsyn, Vardy, and Zémor [2, section 6] from Z n 2 to arbitrary finite abelian groups. Then in section 3 we generalize a construction of Etzion and Vardy [4, section 5] and Szabó and Ward [21, Lemma 1] to create a full rank tiling of a group from a full rank tiling of one of its direct factors. Using this we devise two sufficient conditions for a group to admit a full rank tiling, showing that many groups admit them. The first condition states a group admits a full rank tiling if it contains as a direct factor a subgroup of the type Z a × Z b × Z c with a, b, and c composite. This is based on work done by Szabó in [19] . Then in section 4 we extend the work done for Z n 2 by showing that any group containing Z n p with p ≥ 5 prime and n = 4 as a direct factor admits a full rank tiling. Thus, there exists a full rank tiling of Z n p if p ≥ 5 is prime and n ≥ 4. A conjecture of Rédei [14] implies that this is tight for all primes. This conjecture has been verified for primes less than or equal to 11 by Szabó and Ward [22] , which completely solves the question of whether there exist full rank tilings of Z n p when p is 5, 7, or 11. We conclude by discussing some remaining open problems on tilings.
Decomposition of tilings.
In this section we study how tilings of arbitrary finite abelian groups can be recursively decomposed, generalizing some of the work done in [2] for Z n 2 . We first develop a certain characterization of tilings which will prove particularly useful. Note that the |V ||A| = |G| condition can be replaced with the condition V +A = G if needed. To motivate our discussion of full rank tilings, we give one reason why the subgroup generated by a tile is of interest. 1.
Proposition 2. A subset V ⊆ G is a tile of G if and only if it is a tile of
V . Proof. Suppose that V is a tile of V . Since V is a subgroup of G it is clearly a tile of G. Let ( V , A 1 ) be a tiling of G and let (V, A 0 ) be a tiling of V . Then clearly (V, A 0 + A 1 ) is a tiling of G. Suppose that (V, A) is a tiling of G. Let A 0 = A ∩ V . Since A 0 ⊆ A and (V − V ) ∩ (A − A) = {0}, we have that (V − V ) ∩ (A 0 − A 0 ) = {0}. Clearly V + A 0 ⊆ V . Since V ⊆ G = V + A, any w ∈ V can be written as w = v + a with v ∈ V and a ∈ A. Then a = w − v ∈ V since V isFor i = 0, 1, . . . , m − 1, let A i ⊂ V be such that (V, A i ) is a tiling of V . 2. Let c 0 = 0, c 1 , .
. . , c m−1 be a set of coset representatives for G/ V . Then
Proof. Suppose that A is as in (1) . Then |A i | = z/m so |A| = z and |V ||A| = |G|. So we just need to show that (V − V ) ∩ (A − A) = {0}. Note that any element of A − A has one of the following forms:
where a i , a i1 , a i2 , a j ∈ A. Let U denote the set of elements of type 2, and let W denote the set of elements of type 3. Clearly any element of U is also an element of some 
Now we need to show that (V, A i ) is a tiling of V for all i. Any element of A i is of the form −c i +a, so any element of 
where (A, V i ) is a proper tiling of A for all i and the elements 0, c 1 , . . . , c m are representatives of V / A . So by using (3), each of the tilings (V, A i ) of Theorem 3 can be decomposed into tilings of subgroups unless V = A i . This process can be iterated until the remaining tilings are either trivial or of full rank. So any tiling can be decomposed into full rank and trivial tilings of its subgroups.
We can, however, decompose full rank tilings even further, into nonperiodic full rank tilings. For any subset A ⊆ G, let A 0 = {g ∈ G : g + A = A} denote the set of periodic points of A. By definition A 0 = {0} if and only if A is nonperiodic. In the literature A 0 is sometimes referred to as the kernel of A (see [1, 10, 12] ), particularly in regard to tilings derived from codes. Note that if 0 ∈ A, then A 0 ⊆ A. The following proposition is rather obvious, first appearing in terms of codes over GF (2) [1], but can easily be generalized to finite abelian groups. Proof. Let a 1 , a 2 ∈ A 0 . Then (a 1 + a 2 ) + A = a 1 + (a 2 + A) = a 1 + A = A, so a 1 + a 2 ∈ A 0 . Since every a ∈ A 0 has some finite order this implies that −a ∈ A 0 and thus A 0 is a subgroup of G. Now let a ∈ A. Then a + A 0 ∈ A by the definition of A 0 , so A is the union of cosets of A 0 . These cosets are clearly disjoint since A 0 is a subgroup of G, proving the proposition.
If A ⊆ A is a set of representatives for A/A 0 , then it follows from this proposition that A + A 0 = A. Now we show how to reduce tilings by the kernel of one of the subsets. Proof. Let ϕ : G → G/A 0 be the natural homomorphism. Suppose that the restriction of ϕ to V (which takes V to V/A 0 ) is not one-to-one. Then there exist distinct elements v 1 and v 2 
, and since a 0 ∈ A 0 this implies that there is some a 3 
Proof. We know from Theorem 5 that (V/A 0 , A/A 0 ) is a tiling of G/A 0 , so we just need to show that it is full rank. Let w
The following propositions concern the periodicity of the tiling resulting from this decomposition. By Proposition 8, after an application of Theorem 5 we can switch V/A 0 and A/A 0 and apply it again. Since at each iteration one of the subsets loses all of its periodic points, this might seem to imply that this recursion never needs to be carried out more than twice, but it turns out that the other subset can acquire new periodic points. Cohen, Litsyn, Vardy, and Zémor [2, section 8] provide an example of this in Z 7 2 . The recursion will stop eventually, though, so we are interested not only in full rank tilings but especially in nonperiodic full rank tilings. Note that Proposition 6 also gives us a way to construct smaller full rank tilings from larger ones, which is helpful when trying to determine which groups admit full rank tilings.
Constructing full rank tilings of product groups. Etzion and Vardy [4,
Construction C] developed a construction to build a full rank tiling of Z n+1 2 from a full rank tiling of Z n 2 , and Szabó and Ward [21, Lemma 1] developed a similar but more general construction to allow the direct product with arbitrary cyclic groups rather than just Z 2 . We generalize both of these to a construction that gives a full rank tiling of any finite abelian group having some direct factor with a full rank tiling.
Theorem 9. If there is a full rank tiling (V, A) of G, then there is a full rank tiling of G × H, where G is any nontrivial finite abelian group and H is any finite abelian group.
Proof. Szabó and Ward [21, Lemma 1] proved this for the case when H = k is cyclic and there is an element a ∈ A \ {0} such that A \ {a} = G. They did this by
So we can switch the roles of V and A and repeat for another cyclic group by letting (0, k) play the role of a. Since any finite abelian group can be decomposed into the direct product of cyclic groups, if there is initially some a ∈ A \ {0} that is not necessary for A to generate G, then there is a full rank tiling of G × H for any finite abelian group H.
The only case when there is not such an a is when both A \ {0} and V \ {0} are minimal generating sets of G. Let m equal the sum of the multiplicities of the prime divisors of |G|. We first show that any minimal generating set of G has at most m elements. Let A = {a 1 , . . . , a k } be a minimal generating set of G. A) is a full rank tiling and V \ {0} and A \ {0} are both minimal generating sets, then (m + 1)
2 ≥ |G|. Clearly m ≤ log 2 |G| , so ( log 2 |G| + 1)
2 ≥ |G|. This is true only if 1 ≤ |G| ≤ 36. Since |G| = |V ||A|, it is only possible for both V and A to have at most m + 1 elements when |G| is 2, 4, 6, 8, 9, 12, or 16, so we consider the finite abelian groups of those orders. Clearly any tiling of Z 2 is trivial. Rédei [13] proved that if both V and A have prime order, then one of them is a subgroup of G, which implies that there are no full rank tilings of
For the |G| = 8, |G| = 12, and |G| = 16 cases we need a few results on the Hajós property. We say that a finite abelian group G has the Hajós property if in any tiling (V, A) of G at least one of V and A is periodic. Groups with the Hajós property have been completely classified [16] . In particular, all finite abelian groups of order 8, 12, or 16 have the Hajós property. Szabó [20, Lemma 1] has shown that if a finite abelian group has the Hajós property, then it has no full rank tilings.
Szabó [19, section 4] has proven that there exists a full rank tiling of the direct product of at least three cyclic groups of composite orders other than 4 or 6. We remove the restriction that the orders not be 4 or 6 and combine it with Theorem 9 to get the following theorem. 
}, then it is not hard to see that (V, A) is a tiling of G. Let π be some cyclic permutation of {1, 2, 3}, and define the following two sets: A ) is a tiling of G, and the tiling is full rank if v i is at least 4 for all i. Note that if j = π(i) and v j = 3 then 0,
So if every v i is at least 3 then (V, A ) is a full rank tiling of G.
If v i = 2 for all i then u i = 2, and G is the group Z 4 × Z 4 × Z 4 . It is easy to check by hand that Szabó's construction results in a full rank tiling. In the final case, there is some v j > 2. Let i = π −1 (j). Then by the above argument
is a full rank tiling of G. Now by Theorem 9 any group containing G as a direct factor has a full rank tiling, which proves the theorem.
with respect to tilings, but that is not true if we allow linear or affine transformations other than translation. Define an affine factorization of F n q to be a pair (V, Φ) with V a subset of F n q and Φ = {φ i } a set of affine transformations satisfying F n q = i φ i (V ) and φ i (V ) ∩ φ j (V ) = ∅ for all i = j. Any tiling (V, A) of F n q automatically gives an affine factorization (V , Φ) by letting V = V and φ i ∈ Φ be translation by the ith element of A. However, tilings only give a small subset of affine factorizations. Allowing arbitrary affine transformations seems to make the problem very difficult, but perhaps adding some extra restrictions would make it tractable. In particular, requiring that |φ i (V )| = |V | for all i might be helpful.
Conclusions.
We have generalized the notions of tilings and full rank tilings from F n 2 to general finite abelian groups and have generalized many existing theorems to this new setting. We then combined and extended these results to prove that a group admits a full rank tiling if any of its direct factors do, allowing us to take any sufficient condition for a group to admit a full rank tiling and extend it by simply requiring a group to have a direct factor for which the condition holds. This method results in two such sufficient conditions: a group G admits a full rank tiling if it has a direct factor of the form Z a × Z b × Z c with a, b, and c composite, or if it has a direct factor of the form Z 4 p with p ≥ 5 prime. Since any finite abelian group can be decomposed into the direct product of finite abelian groups of prime power order, these are obviously quite strong conditions when the size of the group is large, showing that many groups admit a full rank tiling. We have also suggested some open problems in the area that we feel are tractable and could lead to some interesting results.
